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Adecentralized estimation architecture for large formations of spacecraft is introduced that, when coupled with a

local controller, parameterizes the degree to which a node is a leader or a follower, eliminating the rigid classification

of nodes as strictly leaders and followers.Measurements are provided by a single range/bearing sensor similar to the

autonomous formation flying sensor. A reference point calculation is introduced that automatically compensates for

noise in the estimation and sensing subsystems. A scheduling algorithm is developed that maximizes the information

collected across the formation. The scheduling problem is posed as an infinite horizon optimization of either the

formation information or covariance matrices, or the reference point information or covariance matrices. The

resulting architecture is compared via simulation to a system inwhich each spacecraft has full knowledge of the fleet.

Results show that performance degradation (rootmean square position error and fuel usage) is very small compared

to the ideal, full knowledge solution, and that the system performs better than the traditional leader–follower

architecture.

Nomenclature

Ci = measurement function Jacobian at spacecraft i
Gi = free virtual center weighting matrix at spacecraft i
gi = free scalar virtual center weight at spacecraft i
J���1 = infinite horizon measurement scheduling cost
K = measurement period (dimensionless)
N = number of spacecraft
Q = system process noise covariance relative to spacecraft i
vi = collection of measurement noise at spacecraft i
wi = system process noise disturbance relative to spacecraft i
xci = system virtual center state relative to spacecraft i
x̂ci = virtual center state estimate at spacecraft i
xi = system state relative to spacecraft i
x̂i = system state estimate at spacecraft i
Yci = information matrix of the virtual center state estimate at

spacecraft i
Yi = information matrix of the system state estimate at

spacecraft i
Yp = nominal steady-state periodic information matrix
zi = collection of system measurements at spacecraft i
�j = measurement duty to spacecraft j
��K = periodic measurement sequence
�1 = infinite horizon measurement schedule

I. Introduction

N ASA is currently studying several large-scale spacecraft
formationmissions,many to beflown at the Earth–sun libration

points. The location affords scientists a much clearer view of the
universe, while also providing a convenient gravitational pull to be
Earth following. The microarcsecond x-ray imaging mission
(MAXIM) [1] is an x-ray interferometer composed of 33 spacecraft
and will be able to image the event horizon of a black hole. The
terrestrial planet finder (TPF) [2] mission shall enable scientists to

find and study extra-solar planets similar to our own. Although
several designs are currently under review, a TPF design by
Lockheed Martin is composed of four, possibly six, free flying
spacecraft which will function as an infrared interferometer. The
stellar imager (SI) [3] mission postulates that stellar activity is key to
understanding life in the universe. Specifically, SI is a large, space-
based UV optical sparse aperture telescope/Fizeau interferometer
designed to study the sun. The formation is designed to be flown at
the Earth–sun libration point, as is TPF. The science of SI requires a
large array of satellites in an irregular placement to accomplish its
goals.

The combination of interferometry and large formations makes
these and similar future missions especially challenging.
Interferometry missions are especially challenging due to the high
tolerance requirements. Suchmissions are currently slated to employ
a multiple resolution control architecture: conventional thrusters and
RF range and bearing sensors are to be used for coarse spacecraft
control, and laser sensors and adaptive opticswill providefine optical
path control [1,3]. The autonomous formation flying sensor (AFF)
has been identified as a key component for coarse control of
spacecraft formations [4,5]. The AFF provides range and bearing
measurements between spacecraft based on global positioning
system technology. Large formations of spacecraft present
interesting challenges to the scientific community, including low
fuel usage control for given precision requirements, fleet estimation
given limited sensor and communication resources, and accurate
relative state tracking to reduce fuel in the presence of the other
challenges. Developing scalable algorithm tools is critical to the
success of these missions.

Consider, as an example, the case of precision control to minimize
fuel. Typical single spacecraft systems are allowed to drift with
respect to an external frame, as it is not crucial (and would be fuel
expensive) to reposition the satellite with respect to a model-based
reference track. Multiple satellite missions can similarly relax the
positioning of the formation in an external reference frame over small
time horizons, but each individual spacecraft must control its relative
position with respect to the fleet (and minimize fuel) for mission
performance and safety [1–3]. Moreover, sensitivity of these factors
grows with the number of spacecraft in the system. Further, although
formations of two or three spacecraft can be designed with full
relative sensing and communication to the fleet, affording an
accurate estimate of all spacecraft in the fleet, formations of 16 or
more spacecraft will certainly be constrained in the number of
relative spacecraft measurements, as well as the number of
communication links and available bandwidth. This, in turn, will
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have an effect on the system performance (relative position error and
fuel usage) of each spacecraft in the formation.

The objective of thiswork is to develop a coordination architecture
for future formations of spacecraft that is scalable in terms of
integrated communication, sensing and estimation, and control.
More specifically, under the constraints of a single range/bearing
sensor, a relative control and estimation approach is developed that
allows the formation as a whole to drift, thereby saving fuel, yet also
attains very good relative positioning performance. Simulation
results compared to the centralized solution show minimal
degradation in terms of root mean square (rms) positioning error
and fuel usage. In addition, results compare favorably to current
leader–follower concepts. Information theory is used to develop a
sensor scheduling scheme for the AFF sensor. Maximizing
information, or maximizing knowledge of the formation both locally
and within the cluster, is used to develop switching logic for the
relative sensing subsystem. The resulting guidance, navigation, and
control architecture can be considered to be cyclic, using the
nomenclature introduced in the survey in [6].

In related work, the virtual center formation reference point
algorithm was introduced in [7]. The algorithm is centralized based
on the transmission of relative state estimates maintained across the
fleet. The weights used are based on fuel reserve states, attempting to
balance fuel usage across the fleet. The work in this paper includes a
decentralized calculation of the virtual center, requiring very little
communication. Also, the weights are based on the error covariance
of the state estimates, leading to a system that compensates for
increased noise in the estimation and sensing subsystems, due to such
as spacecraft occlusions and hardware failures. The decentralized
LQG architecture introduced in [8] produced semi-optimal
performance for nonlinear plants and actuators using a
communication architecture where all spacecraft communicate with
one another. However, the resulting control law is suitable only for
actuators that can produce unbounded inputs to the plant. The control
used in this paper is a time-optimal controller for accurate formation
keeping using binary on/off thrusters [9].

The sensor scheduling problem was first introduced in [10]. The
paper contained several variations of the problem and algorithms for
solving optimal sequences over short time horizons. The algorithm
developed in [11] also produces an optimal schedule for short time
horizons. A real time implementation of a sliding window is used,
where only thefirstmeasurement of the optimal schedule is taken and
the process is repeated at each time step. Optimality, however, is not
guaranteed over long time horizons. Gupta et al. [12] finds an infinite
horizonmeasurement scheme by choosingmeasurements at random;
the probability of choosing each sensor is determined by solving a set
of Riccati equations. The scheduling algorithm described in the
sequel produces an optimal periodic infinite horizon measurement
schedule that can be determined a priori. That the optimal infinite
horizonmeasurement schedule is periodic was first proposed in [13].
The optimal schedule in [13] is determined by generating sequences
at random.

The paper is outlined as follows: Sec. II details the general
formation keeping problem in terms of the system dynamics,
available measurements and associated estimator, controller, and
also includes assumptions and notation used throughout. Section III
describes the information weighted virtual center estimation
algorithm and describes the leader–follower parameterization
scheme. Section IV introduces the sensor scheduling problem and a
solution and simple example are presented in Sec. V. Full simulation
results are presented in Sec. VI followed by conclusions in Sec. VII.

II. Problem Statement

The formation control problem addressed in thiswork ismotivated
by SI-type missions and is formulated as follows: given a fleet of N
spacecraft, each equipped with a single range/bearing sensor (RBS),
find a sequence ofmeasurements that adaptively maximizes, in some
sense, knowledge of the fleet. Maximizing knowledge of the fleet
directly benefits state error tracking, robustness, and collision
avoidance, and, in Sec. VI, is shown to indirectly benefit

performance in terms of lowering fuel usage. Several assumptions
are made: 1) the range/bearing generates bearing measurements
expressed in the inertial reference frame; 2) the RBS is
omnidirectional, that is, it can provide range and bearing
measurements with a full spherical field of view at any range;
3) acquisition of signal at the RBS is instantaneous and
measurements within the nominal range/bearing performance
specifications of the AFF sensor (2 cm, 1 arcsec) as described in [4]
are provided instantaneously; 4) thrust maneuvers at each spacecraft
are transmitted over a communication subsystem to all other
spacecraft; 5) second order free-space dynamics govern the system.
Assumption 1 is reasonable as future missions will necessarily be
equipped with high resolution inertial attitude sensors for the optics
subsystem. Attitude uncertainties can be incorporated into the RBS
noise terms. Assumption 4 is reasonable as binary thrust commands
can be transmitted over data links with very low bandwidth.
Assumption 5 has been found to be accurate for deep space missions
on a 0.5–1 day horizon [14,15]. The remaining assumptions shall be
addressed at the end of the paper.

A. Spacecraft Dynamics

Each spacecraft is governed by second order dynamics; thus forN
spacecraft, the discrete-time dynamics of the ith spacecraft,
8 i 2 f1; . . . ; Ng, are as follows;

xi�k� 1� � Axi�k� � Buui�k� � Bwwi�k� (1)

xi�k� �
x�1�i �k�
_x�1�i �k�
x�2�i �k�
_x�2�i �k�

2
664

3
775; ui�k� � u�1�i �k�

u�2�i �k�

� �

wi�k� � w�1�i �k�
w�2�i �k�

� �
(2)

A�
1 �T 0 0

0 1 0 0

0 0 1 �T
0 0 0 1

2
664

3
775; Bu � Bw �

1

m

�T2=2 0

�T 0

0 �T2=2
0 �T

2
664

3
775
(3)

where xi is the state of spacecraft i in an inertial frame, ui is the
control input,wi is zeromeanwhite process noisewith covarianceQ,
m is the mass of each spacecraft (assumed to be identical for each
spacecraft in the fleet), and �T is the sampling time. Two-
dimensional systems are presented here for simplicity but the
approach is fully generalized to three dimensions. Without loss of
generality, the process noises wi and wj are considered to be
uncorrelated, that is, E�wi�k�wj�k�T � � 0.

Given the linear dynamics and the lack of an inertial position
sensor, the ith spacecraft maintains estimates ofN � 1 relative states.
The relative dynamics are found by subtracting Eq. (1) from itself
and replacing i with j,

xji�k� 1� � Axji�k� � Buuji�k� � Bwwji�k� (4)

fx; u;wgji�k�≜ fx; u; wgj�k� � fx; u; wgi�k� 8 j ≠ i (5)

Note that this requires the mass of each spacecraft to be identical.
This is for simplicity; the following treatment can be easily modified
when this is not the case. The key is that the state transition matrices
are identical across the fleet eliminating the need for inertial states,
and thus, inertial state measurements.

Equations (4) and (5) can be rewritten to yield a full set of
dynamics relative to spacecraft i:

x i�k� 1� �Axi�k� � Buui�k� � Bwwi�k� (6)
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fx;u;wgi�k�≜
..
.

fx; u;wgji�k�
..
.

2
664

3
775

j2f1;...;Ngni

(7)

fA;Bu;Bwg≜
fA; Bu; Bwg

. .
.

fA; Bu; Bwg

2
64

3
75 (8)

Equation (7) is read as an augmented vector consisting of the N � 1
relative vectors defined in Eq. (5) such that xi 2 R4�N�1� and
fui;wig 2 R2�N�1�. Similarly, Eq. (8) is block diagonal such that
A 2 R4�N�1�	4�N�1� and fBu;Bwg 2 R4�N�1�	2�N�1�. It follows from
the assumptions that wi is zero mean and its covariance is
E�wi�j�wi�k�T � �Q�jk where

Q �

2Q Q � � � Q

Q 2Q ..
.

..

. . .
.

Q
Q � � � Q 2Q

2
6664

3
7775 (9)

The relative state vectors are shown conceptually in Fig. 1.

B. Virtual Center

For formation control, a reference state for each vehicle in the
formationmust be defined. Following [7], a virtual center state, xc, is
defined relative to the desired formation geometry in the inertial
reference frame; a local frame centered at xc is then defined such that
the difference between the inertial frame and the virtual center frame
is only a translation. A local reference frame at each spacecraft i is
similarly defined and the location of the virtual center in the ith local
frame is denoted by xci � xc � xi, similar in notation to Eq. (5). Over
relatively short time horizons, the formation is allowed to drift in the
inertial frame. Therefore, it is sufficient to specify the reference states
in the virtual center frame, denoted by ric 2 R4 8 i 2 f1; . . . ; Ng.
The set ofN reference states are arranged in a single column vector as
follows:

r �k�≜
r1c�k�

..

.

rNc�k�

2
64

3
75 2 R4N (10)

It is convenient to rearrange this vector for each spacecraft such
that, for spacecraft i, its reference state appears first followed by the
N � 1 reference states of the remote spacecraft. Therefore,

r i�k�≜ ric�k�
rri�k�

� �
;2 R4N rri�k�≜

..

.

rjc�k�
..
.

2
664

3
775

j2f1;...;Ngni

2 R4�N�1�

(11)

These reference states are assumed to be known to each spacecraft in
the system. The relative state, reference state, and error state vectors
in the given system are shown in Fig. 1 for a small formation.

C. RBS Measurements

The measurements provided by the RBS are relative range and
bearing to a remote spacecraft, each corrupted with white Gaussian
noise. Thus, at each time step k, a measurement is made to one or
more remote spacecraft,

z i�k�≜
..
.

zji�k�
..
.

2
664

3
775

j2Mi�k�

� h�xi�k�; k� � vi�k� (12)

zji�k� � h�xji�k�� � vji�k� (13)

h�xji�k�� � Rji�k�
�ji�k�

� �
�

������������������������������������������
�x�1�ji �k��2 � �x�2�ji �k��2

q

tan�1
x
�2�
ji
�k�

x
�1�
ji
�k�

2
64

3
75 (14)

where vji is zero mean, white Gaussian noise with covariance R and
Mi�k� 
 f1; . . . ; Ng n i is the index set of measurements which may
vary with time as selected by switching logic external to the sensor.
Note that typically Mi contains only one element when each
spacecraft is equipped with a single RBS. Because the spacecraft is
also equipped with an inertial attitude sensor, the relative range/
bearing measurements are assumed to be made in the inertial frame
without loss of generality; the statistical errors present in the attitude
sensor are assumed to be built into the RBS noise covariance R. The
sensor is assumed to be able to provide measurements at all ranges.

D. Extended Information Filter

At each spacecraft i, estimates of the relative states xi, denoted by
x̂i, are maintained via an extended information filter (EIF) [16]. The
EIF is a convenient choice because it can be used to fuse
measurements from multiple sensors, and because the information
matrix is used as aweight in the virtual center calculation described in
Sec. III. The filter is statistically equivalent to the extended
Kalman filter and maintains an information state,

ŷi�k j l�≜ Yi�k j l�x̂i�k j l�, and an information matrix,

Y i�k j l�≜ �Ef�xi�k� � x̂i�k j l���xi�k� � x̂i�k j l��T j Zlg��1
(15)

where x̂i�k j l� is the estimate of xi�k� given the measurements up to
and including time step l, denoted by Zl. The EIF prediction and
update steps are

ŷ i�k j k � 1� � Yi�k j k � 1��Ax̂i�k � 1 j k � 1� �Buui�k��
(16)

Y i�k j k � 1� � �AY�1i �k j k�AT �Q��1 (17)

yi�k j k� � yi�k j k � 1� � Ci�k�TR�1�k�fzi�k�
� h�x̂i�k j k � 1�; k� � Ci�k�x̂i�k j k � 1�g (18)

Y i�k j k� � Yi�k j k � 1� �Ci�k�TR�1�k�Ci�k� (19)

where

Fig. 1 Virtual center state xci relative to spacecraft i, denoted by *. Also
shown are reference states r�c, error states e�i, and relative state xji.
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C i�k� �
..
.

Cji�k�
..
.

2
664

3
775

j2Mi�k�

� @h

@xi

����
x̂i�kjk�1�

(20)

A useful approximation to the time varying Cji�k� consists of
evaluating the Jacobian at the formation reference states. That is,

�C ji �
@h

@xji

����
rjc�ric

(21)

Throughout the paper, an information matrix with a single
argument, for example, Y�k� will be used as shorthand for the
updated information matrix, Y�k j k�.

E. Time Optimal Controller

An optimal controller (minimum time) based on thrust limited

(u�f1;2g�i 2 f�Umax; 0; Umaxg) propulsion is used in the same vein as
that developed in [9]. Because the satellite can be represented with
second order free-space dynamics in each axis (decoupled), a
feedforward, formation keeping controller based on minimum time
optimal control is developed. The controller is activated if the
satellite drifts away from its reference position by more than an error
ellipse, which is written as

�eii�k��T �diagfe�1�max; _e
�1�
max; e

�2�
max; _e

�2�
maxg��eii�k��> 1 (22)

where e���max, _e
���
max are tuning parameters and eii�k� � xci�k� � ric�k�.

If this occurs, a minimum time controller is calculated in each axis.
For second order dynamics, the minimum time controller is a bang-
bang controller with a single switch. Thus, the control is given by

u����k�

�
��sgn�e��� � _e�i�j _e���j=2�Umax; 0< k � k0 < T���mt1;i=T

sgn�e��� � _e���j _e���j=2�Umax; T���mt1;i=T < k � k0 < T���mtF;i=T

(23)

where k0 is the time at the start of the maneuver. The switch time and
final control time are written as

T���mt1;i �
� _e���ii �k� �

���������������������������������������������������
� _e���ii �k��2=2 � e���ii �k� �Umax

q
�Umax

(24)

T���mtF;i �
� _e���ii �k� �

���������������������������������������������������
2� _e���ii �k��2 � 4e���ii �k� �Umax

q
�Umax

(25)

where �Umax � Umax=m. It is noted that other control methodologies,
such as bounds on relative velocity, minimum fuel, etc., could be
used, but this controller is sufficient to evaluate the proposed
architecture.

III. Distributed Information Weighted Virtual Center

In [7], it is proposed that the virtual center state is calculated at each
time step by minimizing a weighted squared error in the relative
formation states under the assumption that minimizing the error
minimizes the control effort required to null the error. Relative to
spacecraft i, the virtual center is written as

x�ci � argmin
xci

eTi Wiei (26)

e i �

eii
..
.

eji

..

.

2
664

3
775

j2f1;...;Ngni

2
66664

3
77775 2 R4N (27)

eii � xci � ric 2 R4 (28)

eji � xci � �xji � rjc� 2 R4 (29)

whereWi is an arbitrary symmetric weighting matrix. The errors eji
are referred to as the remote error states and eii the local error state. In
[7], the center state is maintained at a single spacecraft, for example,
spacecraft i� 1, and W1 is related to the fuel reserve states of each
spacecraft in the fleet. The error state of a spacecraft that has low fuel
is given a higher weight than that of a spacecraft with higher fuel,
reducing the error and thus the control effort of the low fuel
spacecraft. This has the advantage of balancing fuel across the fleet;
however, this approach is centralized and communication intensive
because spacecraft 1 must transmit the resulting center state to the
fleet at each time step. Another disadvantage is that it relies onN � 1
accurate relative state estimates x̂1 at spacecraft 1. Estimates of each
relative state can be maintained at spacecraft 2 through N and
transmitted to spacecraft 1 to reduce the computational load,
however, this would require additional communication bandwidth.

A. Distributed Virtual Center

A decentralized implementation of the virtual center algorithm is
proposed here where each spacecraft in the fleet calculates a local
estimate of the virtual center x̂ci � E�xci� 8 i 2 f1; . . . ; Ng based on
relative state estimates using measurements generated by local
sensors. If each spacecraft maintains N � 1 noise-free relative states
and uses identical weights (Wi � I), then the resulting center states
are equivalent, that is, x̂ci � xi � x̂cj � xj 8 i; j 2 f1; . . . ; Ng,
equivalent to the centralized implementation in [7]. This
implementation, although decentralized, is infeasible as it requires
N � 1 noise-free range/bearing sensors.

Rewriting the center state in Eq. (26) at spacecraft i in terms of the
N � 1 relative state estimates, x̂i, yields

x̂ci � argmin
xci
��xci � ��x̂i � ri��TWi��xci � ��x̂i � ri��

��
I4
..
.

I4

2
64

3
75; �� 04	4�N�1�

I4�N�1�

� � (30)

The well-known solution to this linear least squares problem is

x̂ ci � ��TWi���1�TWi��x̂i � ri� (31)

�
�XN

j�1

XN
k�1
�Wi�jk

��1
�TWi��x̂i � ri� (32)

where ���jk denotes the jkth 4-by-4 subblock of �. The covariance of
the center state is

P ci � E��xci � x̂ci��xci � x̂ci�T � (33)

� ��TWi���1�TWi�Pi�
TWi���TWi���1 (34)

�
�XN

j�1

XN
k�1
�Wi�jk

��1�XN
j�1

XN
k�1
�Wi�Pi�

TWi�jk
��XN

j�1

XN
k�1
�Wi�jk

��1

(35)

wherePi � Y�1i is the covariance of the relative state estimates. Care
must be taken when choosing the weightsWi because the covariance
of the center state estimate can become large or infinite if the
covariance of any of the relative states of the spacecraft are large or
infinite, corresponding to poorly observed or unobserved remote
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spacecraft, which is an inherent trait of the system given the large
number of spacecraft.

B. Information Weighted Virtual Center

The distributed algorithm in Sec. III.A can run locally at the
spacecraft with any number of n 
 N � 1 relative state estimates to
solve for the virtual center. Thus, if any spacecraft are poorly
observed, the corresponding entries inWi can be set to zero to avoid
numerical problems and to accurately calculate the virtual center. In
the limiting case, where n� 0 at spacecraft i, the virtual center
estimate reduces to x̂ci ��ric. In this case, the spacecraft does not
perform any correcting maneuvers because the error state is
eii � x̂ci � ric � 0. This idea can be generalized by incorporating
the information content of the relative state estimates x̂i, contained in
Yi, in the weighting matrix Wi. In other words, states with high
information (low uncertainty) are weighted more in the calculation.
Because Yi serves as a weight on only the remote error states
eji 8 j 2 �1; N� n i, a weight on the local error state eii, denoted by
Gi is introduced such that

Wi � Gi

Yi

� �
(36)

This form of the weighting matrix has the benefit of preventing any
poorly observed spacecraft from hindering the virtual center
estimate. Substituting the above into Eqs. (32) and (35), and
inverting Eq. (35) to yield the center state information matrix yields

x̂ ci �
�
Gi �

XN�1
j�1

XN�1
k�1
�Yi�jk

��1
��TYi�x̂i � rri� �Giric� (37)

Y ci � P�1ci �
�
Gi �

XN�1
j�1

XN�1
k�1
�Yi�jk

��XN�1
j�1

XN�1
k�1
�Yi�jk

��1�
Gi

�
XN�1
j�1

XN�1
k�1
�Yi�jk

�
(38)

In this formulation, unobserved (poorly observed) spacecraft
correspond to zero (near zero) information on the unobserved states,
resulting in a zero (near zero) weight on those states in the virtual
center calculation. In such a case, the order of the filter, and the order
of the associated center state calculation,may be reduced to eliminate
the states corresponding to the unobserved or poorly observed
spacecraft. Such reductions, however, can lead to an unstable
formation. For instance, in a two spacecraft system, spacecraft 1 need
not maintain a good estimate of the state of spacecraft 2 as long as
spacecraft 2 is monitoring spacecraft 1; this is the typical leader–
follower scheme. However, if spacecraft 2 has a poor estimate of
spacecraft 2, the spacecraft will drift apart. More detailed discussion
of the connectivity requirements is given in the next section.

C. Interpretation of Information Weighting: Control Dependency

Graph

Using the informationmatrix as a weight also has a direct effect on
the control dependency graph (CDG). The CDG is a directed graph
that illustrates the dependency of each local controller on the state of
each spacecraft in the formation [6]. Typically, the dependencies are
considered binary with respect to the local control laws: either there
is or there is not a dependency. However, the virtual center
calculation allows for a continuumof dependency that is based on the
entries in the weighting matricesWi. Considering spacecraft i, if the
weight on the relative state of a particular spacecraft j tends to zero,
then state xji does not factor into the calculation. If the same weight
goes to infinity, then the virtual center approaches xji � rjc reducing
spacecraft i to a simple follower of spacecraft j.

Consider the CDGs in Fig. 2, where an arrow from spacecraft i to j
denotes a dependency of the control on spacecraft j on the state of
spacecraft i. The formation in the upper left results fromYij ≠ 0 and

Gi <1 8 i; j. Spacecraft 1 is made a leader when Y1 � 0
(equivalently, G1 !1), resulting in the CDG in the upper right.
Spacecraft 3 becomes a follower of spacecraft 4 when
Y31 � Y32 � 0, Y34 ≠ 0, resulting in the CDG in the lower left.
The formation in the lower right is unstable as both spacecraft 1 and 3
are leaders. In this case, the system as a whole is unstable, and
therefore spacecraft 1 and 3 will begin to drift and the formation will
stretch or contract depending on the relative motion of spacecraft 1
and 3. Spacecraft 2 and 4 will attempt, unsuccessfully, to maintain
their desired relative states to both spacecraft 1 and 3. Such a fault is
detectable at spacecraft 2 and 4 by evaluating the center state cost in
Eq. (26). As the formation stretches or contracts, the center state cost
will grow; if it reaches some threshold, a fault can be considered to
have occurred and appropriate measures may be taken. These
measures would consist of finding the source of the fault, of which
the possibilities are numerous. The fault may be due to an error in the
controller, or a bad actuator. It may also be due to errors in the inertial
attitude determination subsystem. In cases such as these, if the fault
cannot be corrected, the spacecraft should be removed from the
formation and parked at a safe distance. If this is not possible, it may
be necessary to move the formation to a safe distance while the
problem is being addressed. If the problem lieswithin the sensing and
estimation subsystem as described above, however, an algorithm can
be developed that would traverse the CDG to find broken or weak
links due to low information. If such links are found, the faulty
spacecraft can attempt to reestablish the broken link by reinitializing
the sensor/estimator, possibly with estimates that are communicated
to it from other spacecraft, or the spacecraft can be isolated from the
formation while diagnostics can be performed.

These observations lead to a necessary, but not sufficient,
condition for formation stability: that there exists at least one
spacecraft from which there extends a path along the CDG to every
other spacecraft in the formation. Stability in this case is defined as
the formation being able to drive the relative error to zero in the local
reference frame.

D. Hybrid Leader Follower Using Gi

The free weights Gi in Eq. (36) can also be used to control the
degree to which each spacecraft “leads” or “follows” the fleet, thus
allowing the designer to select a hybrid mix of leader follower for
each spacecraft. For example, in a two spacecraft system, and G1 �
1 andG2 � 0, a leader–follower scheme results where spacecraft 1
is the leader (drifts with no control) and 2 is the follower. It is
proposed to defineGi in the general problem for N spacecraft as the

Fig. 2 Control dependency graphs (CDG) for a four spacecraft system.

The formation in the lower right is unstable as it consists of two

independent leaders: spacecraft 1 and 3.
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following:

Gi �
gi

N � 1

XN�1
j�1

XN�1
k�1
�Yi�jk � c � I (39)

This term is an average of the weights on the N � 1 remote error
states (or equivalently, an average of the information of the remote
relative states) weighted by gi, and an additive weight c � I. The
constant c � I is necessary to keep the inverse in Eq. (37) from
becoming singular; as such, c can be made relatively small.
Substituting Eq. (39) into Eqs. (37) and (38), the resulting center state
estimate and information matrix at spacecraft i are

x̂ ci �
�
c � I �

�
1� gi

N � 1

�XN�1
j�1

XN�1
k�1
�Yi�jk

��1�
�TYi�x̂i � rri�

�
�
c � I � gi

N � 1

XN�1
j�1

XN�1
k�1
�Yi�jk

�
ric

�

(40)

Y ci �
�
1� gi

N � 1

�
2
�XN�1

j�1

XN�1
k�1
�Yi�jk

�
� 2c

�
1� gi

N � 1

�
I

� c2
�XN�1

j�1

XN�1
k�1
�Yi�jk

��1
(41)

Note that asYi approaches zero, perhaps as a result of a failure of the
RBS on spacecraft i and a lack of measurements provided to the EIF,
Yci approaches1. Thus the center state estimate x̂ci approaches a
constant �ric, as it should, and no control is spent.

The designer can now adjust gi to fit mission specific needs. In
missions such as SI, which consist of a single large hub spacecraft
andN � 1 smaller reflector spacecraft, it may be desirable to place a
gi on the hub spacecraft that is different from the reflector spacecraft,
depending on themission phase. If the formation is in the observation
phase, it may be necessary to make the hub spacecraft an effective
leader. This may also be the case if the system is designed such that
the hub is responsible for stabilizing the orbit of the formation about
L2. The hub is made a leader by setting qhub �1 during such orbit
corrections. Given the position of the hub in the inertial frame,
trajectories in the inertial frame for the follower spacecraft can easily
be translated via the reference states r�k�. Conversely, the weight on
the hub spacecraft may be lowered during housekeeping activities.

The scalar gi can also be used to incorporate the local fuel reserve
state by allowing gi to approach 1 for low fuel, and some small
value or zero for high fuel. As an example, the constant gi could be
chosen based on the function gi�Fi� � a=Fi � bwhereFi 2 �0; 1� is
the normalized fuel reserve state, and a and b are tuning parameters
that can be chosen, for example, by choosing gi values when the
spacecraft’s fuel reserves are full, and half-full. Denoting these
values, respectively, as qfull

i and qhalf
i such that gfull

i < ghalf
i yields

gi�Fi� �
ghalf
i � gfull

i

Fi

� 2gfull
i � ghalf

i (42)

IV. Sensor Scheduling

Spacecraft in formation-based missions such as SI will most likely
be equipped with only a single RBS, and therefore, only a single
range/bearing measurement is provided at each time step. Thus, an
algorithm is introduced which switches the measurements of the
RBS among the spacecraft based on maximizing a function of the
information matrix. Maximizing both the center state information
and formation information is considered. The general sensor
scheduling problem, first described in [10] has been addressed in
many settings. Many approaches [10–12] attempt to find a schedule
over a short time horizon and use heuristic algorithms to solve for
optimal and near-optimal sequences. However, because most future

spacecraft missions consider long time horizons with respect to the
sampling rate, it is proposed here to pose the problem as finding a
schedule thatminimizes a function of the covariance (or information)
in an infinite time horizon. If the optimal measurement schedule can
be represented by a simple measurement control law or stored in a
lookup table, less computation will be required to determine the
measurement at each time step.

A. Infinite Time Sensor Scheduling Problem

Considering a single spacecraft (omitting the i subscripts) and a
single measurement, the finite time horizon sensor scheduling
problem is cast as minimizing a cost function,

JKF
≜

1

KF

trace
XKF

k�1
f�Y�k�� (43)

whereY�k� is the updated information matrix as a function of sensor
selection decision variables. It evolves according to Eqs. (17) and
(19) which can be simplified to an information form of the Riccati
equation

Y�k� 1� �A�TY�k�A�1 �C�k�TR�k��1C�k�
�A�TY�k�A�1Bw�Bw

TA�TY�k�A�1Bw

�Q�1��1Bw
TA�TY�k�A�1 (44)

The measurement matrices C�k� are selected from the finite

measurement set C�k� 2 f �Cji j j 2 Nig, with corresponding
measurement noise covariances R�k� 2 fRji j j 2 Nig where Ni is
an index set of available measurements, via the measurement control
law �KF

� f��1�; . . . ; ��KF�g such that ��k� 2 Ni and

C�k� � �C��k�i. For the fleet estimation problem outlined in Sec. II,
the index set is the set of remote spacecraft measurements
Ni � f1; . . . ; Ng n i. Without loss of generality, the sensor noise
covariance is assumed to be identical for all measurements and will
be denoted byR, that is, Rji � Rki �R 8 j; k 2 Ni. Because what
follows is dependent on a fixed number of (approximately) constant
measurement matrices, the resulting scheduling algorithm is
therefore appropriate only for fixed formations with constant
reference states r.

Several cost functions are considered, consisting of, respectively,
maximizing the center state information (CI) and formation
information (FI), and minimizing the center state covariance (CC)
and formation covariance (FC):

JCIKF
≜ � 1

KF

trace
XKF

k�1
�TY�k�� (45)

JFIKF
≜ � 1

KF

trace
XKF

k�1
Y�k� (46)

JCCKF
≜

1

KF

trace
XKF

k�1
��TY�k����1 (47)

JFCKF
≜

1

KF

trace
XKF

k�1
Y�k��1 (48)

The summation is important to give an average over the full periodK.
Note that the information costs JCIKF

and JFIKF
are defined in the

negative to allow minimization.
The infinite time problem consists of minimizing

J���1 � limKF!1J
���
KF

with corresponding measurements �1. An

analytical solution to this general problem has not yet been found. In
a recent paper by Gupta and Murray [12], the sensor schedule is
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modeled as a random process such that at each time step, a
measurement j is selected from the measurement set Ni with
probability �r

j , with the constraint

X
j2Ni

�r
j � 1 (49)

The algorithm in [12] solves for the set of probabilities that minimize
an upper bound on the expected value of the covariance, which is
determined by a set ofRiccati-like equations. Although the algorithm
produces the optimal �r

j , it converges only for stable systems and can

be shown to be suboptimal for the formation keeping problem.
Consider the scheduling of a single RBS for a three spacecraft
system, where spacecraft 1 and 2 are equidistant to spacecraft 3,
which is estimating the virtual center based on measurements and
estimates to spacecraft 1 and 2. Figure 3 shows the center state
information for several random and periodic sequences. The figure
shows that the instantaneous information of the random sequence is
always less than that of the periodic sequence with measurement
sequence �� f1; 2; 1; 2; . . .g.

B. Periodic Sensor Scheduling Problem

It is proposed that the optimal infinite horizon measurement
sequence for any linear time-invariant system is periodic. This was
originally suggested in [13], and an algorithm to find the optimal
periodic measurements based on generating sequences at random
was developed. Here, the periodic formulation is posed as finding the

periodic measurement sequence that minimizes J���1. Thus for a given
periodic measurement sequence,

�1 � f ��K; ��K; . . .g; ��K � f ���0�; ���1�; . . . ; ���K � 1�g
(50)

where K is the (dimensionless) period of the sequence, and the
resulting cost is

J���1 � 1

K
trace

XK�1
k�0

f�Yp�k0 � k�� (51)

where Yp�k� is a steady-state periodic information matrix which is
found by solving a periodic Riccati equation [17], k0 is an arbitrary
constant and f corresponds to the variants in Eqs. (45–48).

The information resulting from a periodic measurement sequence
can be determined by a modified algebraic Riccati equation. Using
the periodic identity C�k� � C��K � k� 8 �; k 2 f0; 1; . . .g, the
periodic system is represented by the time-invariant dynamics,

~x��� 1� � ~A ~x��� � ~Bw ~w��� (52)

~z��� � ~C�K ~x��� � ~D�K ~w�� � 1� � ~v��� (53)

~x���≜ x��K� (54)

~w���≜ �w��K�T � � �w��K � K � 1�T �T (55)

~z���≜ �z��K � K � 1�T � � � z��K�T �T (56)

~v���≜ �v��K � K � 1�T � � � v��K�T �T (57)

~A≜AK (58)

~Bw ≜ �AK�1Bw AK�2Bw � � �Bw� (59)

~C k ≜

C�k � K � 1�A��K�1�
C�k � K � 2�A��K�2�

..

.

C�k�

2
6664

3
7775 (60)

� ~Dk�ij ≜
��C�k � K � i�Ai�jBw if i < j
0 otherwise

(61)

Thematrices in Eqs. (52) and (53) are time invariant with respect to �
when the system dynamics are time invariant and the measurements
are periodic with period K. Thus an EIF can be run on the system
represented by Eqs. (52) and (53) and will yield an identical estimate
and information matrix as when running the EIF on the system
represented by Eqs. (6) and (12). The information matrix prediction
step is

~Y�� � 1 j �� � � ~A ~Y�� j ���1 ~AT � ~Bw
~Q ~BT

w��1 (62)

where ~Q≜ diag�Q; . . . ;Q�. This equation is the standard EIF

prediction equation analogous to Eq. (17). However, the ~D�K ~w�� �
1� term in Eq. (53) leads to a nonstandard update step

~Y�� � 1 j � � 1� � ~Y�� � 1 j �� � � ~CT
�K � ~Y�� � 1 j k� ~S�K � � � ~R

� ~D�K
~Q ~DT

�K � ~ST
�K

~Y��� 1 j �� ~S�K ��1� ~CT
�K

� ~Y�� � 1 j �� ~S�K �T (63)

where ~S�K ≜ ~Bw
~Q ~DT

�K and ~R≜ diag�R; . . . ;R�. The information

matrix ~Y�� j �� is the information matrix corresponding to the state

estimate x��K�, that is, ~Y�� j �� � Y��K�.

V. Numerical Solution

The cost associated with a given sequence ��K can be determined

by combining Eqs. (62) and (63) and setting ~Y�� � 1 j � � 1��
~Y�� j �� � Yp��K�, solving for Yp��K� and propagating the result
forward K � 1 times via Eq. (44) to solve for Yp��K � i�,
i 2 f1; . . . ; K � 1g. Finding the optimal ��K using an exhaustive
search would require repeating this process jNijK times, where
typically jNij � N � 1 if all spacecraft are observed. This could be
computationally expensive for large N or K.
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Fig. 3 Comparison of periodic and random measurement sequences.
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A relaxation of the scheduling problem can be shown to be convex
in a set of variableswhich correspond to the number ofmeasurements
made to each spacecraft, normalized by the periodK. These variables
are denoted by �j where �j � jfk j ��K�k� � jgj=K 8 j 2 Ni and
each �j represents a quantity similar to the �r

j defined in [12] where

each �j can be interpreted as a duty cycle value. For example, if
measurements are being made to two spacecraft, denoted by 1 and 2,
and if �1 � 0:1 and �2 � 0:9, then 10% of the duty is spent
measuring range and bearing to spacecraft 1 and 90% is spent on
spacecraft 2. The set of �j shall be denoted by � such that

�≜ f�j j j 2 Nig. Clearly,
P

j2Ni
�j � 1 and �jK is constrained to

be an integer such that �j 2 f0; 1=K; 2=K; . . . ; 1g. If the integer
constraint is relaxed such that �j 2 �0; 1�, then the optimal set of duty
cycles can be found by solving a linear matrix inequality (LMI)
problem. Note that there are many sequences ��K which satisfy a
given �.

Based on the convexity of the relaxed version of the scheduling
problem, a two-level algorithm is developed to solve for the optimal
measurement schedule for a given K: 1) a (nonexhaustive) steepest
descent search over the set of all possible �, and 2) for each � a
(nonexhaustive) search over all possible ��K . The remainder of this
section consists of a description of this algorithm and the results of
the algorithm as applied to a simple system consisting of three
spacecraft. Denoted by 1, 2, and 3, spacecraft 3 is equipped with a
single RBS. The spacecraft are nominally located at the vertices of an
equilateral triangle in the x–y plane such that spacecraft 3 is at the
origin, spacecraft 1 is located 50 m from spacecraft 3 at a bearing of
��=6 rad from the y axis, and spacecraft 2 is located 50 m from
spacecraft 3 at a bearing of��=6 rad from the y axis. This example is
used to explore the trends and solutions associated with the sensor
scheduling problem. It should be noted that the trends described in
this section have been observed for larger and more complex
systems.

Section V.A outlines the steepest descent search algorithm for the
optimal� on the relaxed version of the problem, Sec. V.B presents a
modification of the steepest descent search algorithm to find the true
cost using three different methods of finding a suitable measurement
sequence ��K , and Sec.V.C is amodified version of the algorithm that
allows for a constraint on the minimum switching time of the RBS.

A. Duty Cycle Search (DCS)

For a fixed �, the LMI solution to the relaxed version of the
problem can be rewritten as the solution to the Riccati equation

Ŷ � ~A�TŶ ~A�1 � ~A�TŶ ~A�1 ~Bw� ~BT
w
~A�TŶ ~A�1 ~Bw

� K ~Q�1��1 ~BT
w
~A�TŶ ~A�1 � KÎ

(64)

where

Ŷ �
XK�1
i�0

Yp��K � i� (65)

Î�
X
j2Ni

�j
�Ij (66)

�I j �
XK�1
i�0
�A�i�TCT

j R
�1CjA

�i (67)

with cost

Ĵ
���
1 � 1

K
tracef�Ŷ� (68)

Given the convexity of the relaxed problem in�, a steepest descent
search algorithm is developed, shown inAlgorithm 1. The convexity
over the unconstrained� guarantees convergence for small step size
��, however, the algorithm may converge slowly. For faster

convergence, the step size may be set to 1=K, which has the added
benefit of satisfying the integer constraint on �.

Figure 4 shows the results of the algorithm for the duty cycles� on
the three spacecraft system using the information-based cost
functions JCI1 and JFI1. Because of the constraint�1 � �2 � 1, the cost
as a function of only �1 is shown. The increase in information withK
for theDCS case is due to the lack of the cross-covariance terms in the
LMI-based cost. The results suggest that, although K is always
necessarily greater than 1, it is sufficient to solve the LMI for K � 1
because the solutions for� are identical for eachK and yield cost that
is closest to the truth solution. This is advantageous because the

dimension of ~Q in Eq. (64) growswith increasingK. The resulting�
can be rounded up or down tomeet the integer constraint and can then
be used as an initial guess for the sequence search (SS) algorithm.

B. Sequence Search

The convexity of the relaxed version of the problem as described
in the previous section suggests that a steepest descent search
algorithmmay be used for the full problem aswell. The SS algorithm
is therefore identical to the DCS algorithm in Algorithm 1 with the
exception of the cost function evaluation in line 9. For the SS
algorithm, this function consists of choosing a sequence ��K which

satisfies the duty cycles � and evaluating the cost J���1 by solving

Algorithm 1 Steepest descent search algorithm for optimal duty cycles

1: procedure GRADMINCOST(�0)
2: ��  �0, J

�  1, m 1
3: while done = FALSE do

4: �m  ��, done TRUE
5: for j, k 2 Ni, j ≠ k do
6: �m�1  �m

7: �m�1
j  �m�1

j ���
8: �m�1

k  �m�1
k ���

9: Jm�1  Ĵ���1��m�1�
10: if Jm�1 < J� then
11: ��  �m�1, J�  Jm�1, done FALSE
12: end if

13: end for

14: m m� 1
15: end while
16: end procedure

17: function J � Ĵ���1���
18: Solve Eq. (64) for Ŷ
19: J trace f�Ŷ�=K
20: end function
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Eqs. (62) and (63) for the steady-state periodic information matrix
Yp��K�, propagating the result via Eq. (44) to find Yp��K � i� for
i 2 f1; . . . ; K � 1g and Eq. (51) to find the cost. Clearly, for the SS
algorithm it is necessary to set ��� 1=K. This modification is
shown in Algorithm 2.

The SS algorithm requires a specific measurement sequence for a
given�. There are, however, many sequences that yield the same�.
In the three spacecraft example, let K � 6 and consider the
measurement sequence on spacecraft 3 such that
�� f�1; �2g � f0:5; 0:5g. Three sequences that match these
parameters are f1; 2; 1; 2; 1; 2g, f1; 1; 1; 2; 2; 2g, and
f1; 1; 2; 2; 1; 2g. There are others, but these three are of interest
because they are considered, in some sense, to be the fastest, the
slowest, and the intermediate, respectively. To quantify the
switching speed, a variance in the sampling times to each spacecraft
is defined. For a given sequence ��K , the set of times between each
sample to spacecraft j is

�kj � fn �m : ��m� � ��n� � j; ��p� ≠ j 8 m< p < ng
(69)

The mean of these intersample times is clearly 1=�j and
j�kjj � K�j. For a given�, the variance of the entire sequence is the
sum of the variances of the individual intersampling times to each
spacecraft:

�2
tot� ��� �

X
j2Ni

�2��kj� �
X
j2Ni

�
1

K�j

XK�j
n�1

�
�kj�n� �

1

�j

�
2
�

(70)

where �kj�n� is the nth element in �kj. This quantity is easily
computed for periodic sequences. Table 1 shows�kj and �

2
tot for the

three sequences.
Figure 5 illustrates the change in cost with �2

tot for sequences with
varying K. Three types of sequences are considered:

1) slow switching: all measurements are grouped together, for
example, ��� f1; 1; . . . ; 2; 2; . . . ; 3; 3; . . .g;

2) fast switching: the sequence which minimizes �2
tot for each K;

and
3) random switching: randomly generated sequences which

satisfy the duty cycles �.

Although the plot shows that the mean covariance JFC1 is not
monotonically decreasingwith decreasing �2

tot, theminimum cost for
this case occurs when �2

tot � 0. This property has been seen in all
other examples the authors have explored, including many higher
order problems (i.e., larger N and K). This understanding is clearer
still when considering the slow switching case (�2

tot large). In this
case, as K increases only a single spacecraft is observed for an
increasingly long period of time. In the limit, asK approaches infinity
only a single spacecraft is observed and the information on all other
spacecraftwill go to zero, resulting in a high cost. Conversely, for fast
switching, asK increases the cost can be made at least as small as the
cost found for smaller K. Consider the optimal sequence for some
fixed K, denoted by ���K . For a period length of 2K, 3K, etc., the
sequences f ���K; ���Kg, f ���K; ���K; ���Kg, etc., will yield the same cost (as
well as the same�2

tot). This places an upper bound on the cost for large
K which will be lower than the cost associated with the slow
switching case. Finally, for random switching, as K approaches
infinity, the switching sequence approaches the random sequence
found by the algorithm presented in [12].

This suggests that for systems with larger K or N, the optimal
sequence may be found byminimizing �2

tot. An exhaustive search for
the sequence with the minimum sampling variance would be
computationally prohibitive for large K and N; however, a fast
switching sequence with minimum or near-minimum sampling
variance can be found in a manner similar to the integer steepest
descent search algorithm described above. Thismethod is outlined in
Algorithm 3. Starting with an initial sequence ��0

K the algorithm
proceeds by swapping measurements for each pair of time instances
k1, k2 2 f0; . . . ; K � 1g and evaluates the variance in Eq. (70). The
sequence is updated by swapping the pair of measurements that
yields the greatest decrease in variance, and the algorithm repeats
until a minimum is achieved.

C. Constrained Sequence Search

The scheduling algorithm is extended to allow for a constraint on
the minimum switching time of the RBS. The SS steepest descent
search algorithm is modified to produce the optimal measurement

Algorithm 2 Sequence search cost function for the steepest descent

search algorithm

1: function J � J���1���
2: Generate ��K

3: Solve Eqs. (62) and (63) for Yp��K�
4: Find Yp��K � i� for i 2 f1; . . . ; K � 1g via Eq. (44)
5: J �tracePK�1

k�0 f�Yp��K � k���=K
6: end function

Algorithm 3 Sequence search algorithm for fast measurement

sequences

1: function ���� ��0�
2: ���  ��0, J

�  1, m 1
3: while done� FALSE do

4: ��m  ���, done TRUE
5: for j, k 2 f1; . . . ; Kg, j ≠ k do
6: ��m�1  ��m

7: ��m�1�j�  ��m�k�
8: ��m�1�k�  ��m�j�
9: Jm�1  result of Eq. (70)

10: if Jm�1 < J� then
11: ���  ��m�1, J�  Jm�1, done FALSE
12: end if
13: end for

14: m m� 1
15: end while

16: end function

Table 1 Intersampling times �kj and sequence variances �2, �2
tot for

several measurement sequences

�� �k1 ��k2 �2��k1� � �2��k2� �2
tot� ���

f1; 2; 1; 2; 1; 2g f2; 2; 2g 0 0
f1; 1; 2; 2; 1; 2g f1; 2; 3g 0.67 1.33
f1; 1; 1; 2; 2; 2g f1; 1; 4g 2 4
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Fig. 5 Shown is the resulting formationmean covarianceJFC andpeak-
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system for various K where �� f1=2; 1=2g. The peak-to-peak relative
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schedule based on two parameters: K, the integer number of time
steps in the periodic sequence, and Kmin, the minimum switching
time of the sensor, also in time steps. The algorithm proceeds in the
same manner as SS and DCS, with the added constraint that
�i � Kmin=K. The implementation of the sequence generating
algorithm is easily modified to account for the minimum switching
time. As with the slow switching case, a decrease in performance is
expected for increasing Kmin. Figure 6 shows the center state
information with increasing Kmin demonstrating this effect.

Figure 7 shows the effect of varying K and Kmin on a modified
version of the three spacecraft example. In this example, spacecraft 2
is nominally located 100 m from spacecraft 3 and remains at a
bearing of ��=6 rad. Larger Kmin requires larger K in order to
achieve higher mean information. Note that ��1 is always within 1=K
of the optimal�1 as determined by the faster DCS algorithm. Figure 8
shows the optimal measurement sequences for each Kmin when
K � 64.

VI. Simulation Results

An eight spacecraft 2-D simulation of a formation similar in
context to the SI mission is simulated to evaluate the estimation and
fuel (control) performance. The eight spacecraft are randomly
placed, as shown in Fig. 9. Each spacecraft is simulated using free
body dynamics with differing constant disturbance biases at each
spacecraft in the range of 20–25 �N and a small randomwhite noise
component with a standard deviation of 1 �N in X1 and X2. Each

spacecraft is equipped with 1 mN thrusters in X1 and X2, and each
RBS provides measurements with sensor noise standard deviation of
(2 cm, 1 arcsec) in range and bearing at a rate of 0.25 Hz. The

controller error ellipse is defined such that e�1�max � e�2�max � 1 m and

_e�1�max � _e�2�max � 0; Fig. 10 shows the effect of the control law acting on
a sample spacecraft.

Table 2 shows the results of the SS algorithm for each spacecraft i
on the system shown in Fig. 10 using the cost JCI1 . The resulting duty
cycles are �i � f�ij j j 2 Nig, Ni � f1; . . . ; Ng n i. The nominal

ranges �Rij ≜
���������������������������������������������������������
�r�1�ic � r�1�jc �2 � �r�2�ic � r�2�jc �2

q
between each pair of

spacecraft are also shown for comparison. The algorithm produces
identical results for various initial guesses including those generated
by the LMI solution. The results show that there is a strong
correlation between ranges and the �ij. Also, the formation and
center state information vary little over the period K, and it is never
advantageous to not observe a spacecraft, that is, �ij is never zero.
Figure 11 shows the measurement sequence and steady-state
information for spacecraft 3. For the fast switching sequence shown,
the information is relatively constant over the period K.

Figure 12 illustrates the effect of using the different cost functions

J���1 to optimize the measurement schedule at spacecraft 1. The
horizontal axis represents each of the four cost functions for each of
the seven spacecraft being sensed in order of decreasing range;
spacecraft 2 is closest and spacecraft 3 is farthest away. Each cost
function results in a measurement schedule that takes more
measurements to spacecraft that are closer except JFC1 , which prefers
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spacecraft that are farther away. Of the three that prefer closer
spacecraft, JCC has the largest variation of the duty cycle �j, that is,
highest lambda for spacecraft 2 and smallest for spacecraft 3; and JFI1
has the smallest variation. Figure 12 (bottom) represents the resulting
information on each individual spacecraft normalized by the
maximum (i.e., each group of seven is normalized by its max). The
information resulting from the cost function JFC1 shows the least
variation while the information resulting from JCC1 shows the most
variation in information. This suggests that minimizing JFC attempts
to balance information throughout the formation.

In afinal study, the distributed virtual center and sensor scheduling
concepts are brought together in one comparison.All eight spacecraft
are simulated, and several cases are tested:

n > 1 Unweighted: Each spacecraft is equipped with n range/
bearing sensors that run concurrently and providemeasurements to n
spacecraft. Each sensor provides range/bearing measurements to a
single remote spacecraft throughout the simulation. To balance the
network and ensure coupling, each spacecraft is sensed by exactly n
spacecraft. TheweightsWi � I in the virtual center calculations. The
sensor architecture is static, that is, the RBSs do not switch between
multiple remote spacecraft.

n > 1 Weighted: Identical to the n > 1 unweighted case except
Wi � diag�Gi;Yi� when calculating the virtual center and gi � 5.

Switched unweighted (SU): Each spacecraft is equipped with a
single RBS and the infinite horizon scheduling algorithm described
in Sec. IV is used. TheweightingmatrixWi � Iwhen calculating the

virtual center. Three different switching sequences are used: those
determined by minimizing JCI1 , JFI1, and JFC1 are denoted by SUCI,
SUFI, and SUFC, respectively.

Switched weighted (SI): Same as SU except the weighting matrix
is Wi � Yi when calculating the virtual center.
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Table 2 Nominal range �Rij and corresponding �ij for K � 28

�Rij, m �ijK

i=j 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

1 —— 25 112 41 35 112 90 97 —— 12 1 5 7 1 1 1

2 25 —— 87 29 57 121 74 90 12 —— 1 10 2 1 1 1

3 112 87 —— 86 142 176 81 115 3 6 —— 6 2 1 7 3

4 41 29 86 —— 77 99 98 61 7 13 1 —— 2 1 1 3

5 35 57 142 77 —— 129 101 128 14 6 1 3 —— 1 2 1

6 112 121 176 99 129 —— 194 68 4 3 2 5 3 —— 1 10

7 90 74 81 98 101 194 —— 154 4 7 6 4 4 1 —— 2

8 97 90 115 61 128 68 154 —— 3 4 2 9 2 7 1 ——
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Leader follower (LF): Unweighted virtual center where each
spacecraft maintains an estimate to spacecraft 1 only. Spacecraft 1
performs no correction maneuvers.

For each case, multiple 48 h simulations are performed. Figure 13
shows the mean fuel usage and rms position error for each case with
1-� error bars. Note that the n > 1 cases are unrealistic because they
require more than one RBS, but are presented here for comparison
purposes only. The results show that the switched network exhibits
positioning performance superior in almost every case to the LF
network, and superior even to the n > 1 solutions. Results suggest
that the switched network with a single sensor is equivalent in
performance to a nearly centralized (n� 7) static sensor schedule
solution. Also, there is a tradeoff between the robustness of the
information weighted virtual center versus the performance of the
unweighted weighted virtual center. The information weighted
virtual center should therefore be used if failures in the estimation
and sensing subsystems have a higher probability to allow for an
accurate and stable estimate of the virtual center. Finally, it is noted
that tuning gi results in greatly improved performance for all
information weighted cases.

VII. Conclusions

The information weighted virtual center algorithm combined with
the sensor switching algorithm has been presented. The algorithm is
highly decentralized, requiring only the low bandwidth transmission
of maneuvers, scalable and naturally mitigates errors in the
estimation/sensor subsystem. These errors may be due to
unobservability of spacecraft due to the limited field of view of the
RBS and occlusions, loss of lock at the RBS, and changes in the
measurement and process noise covariances. The assumption that the
RBS sensor provides omnidirectional measurements can be relaxed
by having the spacecraft select measurements based on a reduced set
of available measurements. The periodic scheduling algorithm has
been shown to be convex undermild assumptions and the LMI-based
approximate solution can be used in the more accurate steepest
descent search algorithm. Limitations in sensor switching frequency
are incorporated by adding the appropriate constraints in the steepest
descent search scheduling algorithm. Simulation results show the

decentralized information weighted virtual center calculation
coupled with optimal sensor scheduling to yield performance
(estimation, fuel usage, and positioning) that is superior to leader
follower using a single RBS sensor and comparable to a fully
connected architecturewhere each spacecraft is equippedwithN � 1
range/bearing sensors.
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